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Abstract. The critical behaviour along the coexistence curve of isotropic ferromagnets is
characterized by two diverging correlation lengths since longitudinal and transverse fluctu-
ations of the order parameter become critical. Therefore, a critical theory valid for the
whole phase diagram has to incorporate the crossover between a region characterized by
one correlation length to another region where two different correlation lengths dominate.
Treating this crossover problem entirely within the framework of the trajectory integral
method, I have calculated the equation of state and the susceptibilities. It is shown that
coexistence behaviour is governed by a coexistence fixed point which is characterized by
the vanishing interaction among the Goldstone modes. Taking the coupling of the critical
transverse modes to the longitudinal modes into account, it is shown that coexistence
behaviour is characterized by a Fisher renormalization. This central result sheds new light
on the symmetry-broken phase in isotropic systems. The asymptotic forms of the equation
of state and the susceptibilities at the coexistence curve are expressed by the specific heat
exponent &, =1 for d = 3 and for all spin dimensions. These results are in perfect agreement
with the nonlinear o-model, The crossover from coexistence curve behaviour to ordinary
critical behaviour is calculated for the equation of state and for the susceptibilities to O{g)
(e=4-d).

1. Introduction

The critical behaviour of isotropic n-component systems has attracted theoretical
interest for many years. A rather complete understanding of ordinary critical behaviour
in the symmetric phase has been obtained by renormalization group methods. The
critical behaviour in the symmetry-broken phase is more difficult to understand since
two correlation lengths diverge at the coexistence curve. These correlation lengths
correspond to fluctuations longitudinal and transverse to the direction of magnetization.
The latter are also called Goldstone modes. Their mass vanishes and the transverse
susceptibility diverges at the coexistence curve; this induces non-analytic behaviour
into the equation of state and the longitudinal susceptibility near the coexistence curve.

In the language of critical phenomena the coexistence curve is a line of critical
points where the correlation length of the transverse fluctuations diverges. It terminates
at the ordinary critical point T = T,, M =0 which is a kind of bicritical point because
longitudinal and transverse fluctuations become critical. Thus, a renormalizatien group
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(rG) theory of coexistence has to describe the crossover between critical phenomena
characterized by one correlation length and critical phenomena with two independent
correlation lengths. This point of view is implicit in most papers on this subject.

The behaviour of isotropic ferromagnets near the coexistence curve has been studied
in the framework of spin wave theory by Vaks ef al [1, 2] who extended the Holstein-
Primakoff formalism to calculate the magnetization and the specific heat of Heisenberg
ferromagnets with arbitrary spin S. The main result was that the longitudinal susceptibil-
ity x. diverges like H™'/? and that the coupling of the longitudinal and the transverse
modes, as well as the coupling among the transverse modes, vanishes for small wave
vectors ¢ at the coexistence curve. The validity of these results was restricted to
temperatures outside the critical region since these works were essentially mean field
theories.

The renormalization group (rG) has been applied to Heisenberg ferromagnets in
a considerable number of papers using many different technical variants of the rG.
There have been essentially two different field theoretic modelis to describe the critical
behaviour of Heisenberg ferromagnets: the §*-model and the nonlinear o-model.

The first works were done on the S*-model by Brezin et al [3]. They calculated
the susceptibilities and the equation of state in an e-expansion around d. =4 (e =4—d).
They obtained corrections to mean field theory as powers of ¢ In rr where r; is the
mass of the Goldstone modes which vanishes at the coexistence curve. Unfortunately,
the renormalization group did not furnish the functional forms of the equation of state
and the susceptibilities to which these logarithms could be exponentiated.

Historically, further investigations were performed on the nonlinear o-model. This
model focuses attention directly on the Goldstone modes. It was obtained by a
low-temperature expansion of the partition function of the Heisenberg Hamiltonian.
Brezin and Wallace [4] have shown within a 1/ n expansion that the nonlinear o-model
and the $*-model should have the same critical behaviour. Further analysis by Brezin
and Zinn-Justin [5] showed that the behaviour of the nonlinear o-model is governed
by two fixed points. A trivial one which governs coexistence behaviour and a non-trivial
one which controls the critical point. Thus, one had a scheme which incorporates both
regimes and the crossover between them. However, the necessity to perform a low-
temperature expansion and an expansion around d, =2 was clearly a drawback of the
nonlinear model.

The coexistence behaviour in the $*-model was further studied by techniques which
combine the rRG with resummation procedures. Rudnick and Nelson [6] have proposed
such a technique, the trajectory integral method, to treat crossover problems and to
calculate exponentiated critical singularities. The idea was to renormalize the critical
system until the fluctuations are small so that Landau theory plus fluctuation corrections
could be applied. However, this method failed when applied to the coexistence curve
since longitudinal and transverse fluctuations independently become critical. Therefore,
Nelson [7] applied a parquet graph summation to obtain exponentiated results which
incorporate the Goldstone singularities.

According to Schifer and Horner [8] this procedure did not treat the longitudinal
fluctuations in the adequate way. Moreover, they claimed that a proper evaluation of
the perturbation expansion necessitates working with 2 momentum-dependent four-
spin coupling of the transverse modes. Schifer and Horner proposed a resummation
of renormalized perturbation theory without using recursion relations. Their work was
based on the results of spin wave theory and of the nonlinear o-model that the
interaction between the transverse modes vanishes at the coexistence curve, They
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obtained exponentiated results for the susceptibility and the equation of state valid in
the whole critical region.

Such an exponentiation was also obtained by Nicoll and Chang [9] who proposed
a new infinitesimal formulation of the rG. In their method the Goldstone modes did
not deserve any special treatment. They applied this method to calculate the free energy
and the equation of state of isotropic Heisenberg ferromagnets in exponentiated form.

Lawrie {10] applied another technical variant of the rc, designed for bicritical
crossover, to the coexistence curve of isotropic ferromagnets. Besides the well known
critical fixed point, he found a coexistence fixed point which governs Goldstone
behaviour and was able to describe the crossover between these fixed points.

To summarize, the critical behaviour at the critical point and along the coexistence
curve seems to be quite well understood. The $*-model, as well as the nonlinear
a-model, leads to a two-fixed-point scenario; however, the results obtained in the
expansions around d.=2 and d, =4 respectively cannot be compared. The results
obtained by RG methods {3-10] are in accord with the classicai theory and agree with
each other at least in essential limits such as the spherical limit. However, apart from
some limiting cases the detailed results are hard to compare due to their mathematical
complexity.

In this paper I show that the aspect of two diverging correlation lengths is crucial
to an understanding of coexistence behaviour. This aspect has not been incorporated
carefully enough in previous works [3-10]: on the one hand the nonlinear o-model
strips off the longitudinal fluctuations and focuses on the Goldstone modes directly.
On the other hand, rG studies of the §*-model did not adequately treat the interaction
between both types of fluctuations.

In this paper I use the trajectory integral method to calculate the equation of state
and the susceptibilities in the $*-model. T point out that a different technical variant
of the rRG such as the differential generator [9] should lead to the same results, The
idea is a simple but necessary extension of the ordinary renormalization scheme: the
renormalization of the complete system is petformed until the longitudinal fluctuations
are non-critical; subsequently the longitudinal modes are eliminated in the partition
function by integration of the longitudinal modes. This leads to an effective Hamiltonian
for the transverse modes with renormalized coupling parameters; this effective Gold-
stone system is further renormalized until the transverse fluctuations become non-
critical too.

The results of this approach provide a link between the results of the nonlinear
o-model and the $*-model. The basic results of the nonlinear o~-model concerning the
longitudinal susceptibility and the equation of state are reproduced. As the central
result I show that the Goldstone behaviour appears as an excellent exampte for Fisher
renormalization by hidden variables [11]. The physical origin of the Fisher renormaliz-
aiion is that the transverse modes are still critical bui coupled to the longitudinal
modes at the coexistence curve. The interaction among the transverse modes is shown
to vanish at the coexistence curve. As a result of both effects Fisher.-renormalized
Gaussian behaviour dominates at the coexistence curve.

In section 2 the trajectory integral method is briefly explained. The full $* Hamil-
tonian is renormalized until the longitudinal modes are noncritical. In section 3 this
partly renormalized §* Hamiltonian leads to a Hamiltonian for the (z ~ 1)-dimensional
Goldstone system. This Hamiltonian is further renormalized until the Goldstone modes
are non-critical too. The matching conditions are evaluated in section 4 and the
susceptibilities and the equation of state are derived in exponentiated scaling form.
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Section 5 focuses on the coexistence curve and derives the coexistence curve sin-
gularities from the general equations of section 4. The asymptotic form for the suscep-
tibilities and the equation of state are calculated and discussed.

2. The method

The starting point is the usual Ginzburg-Landau-Wilson Hamiltonian in its O(n)-
symmetric form given by

H = _%J. S S—q(r+q’2) HJ J' l[ Sql.SQ;;'Sq;'S_(‘ln+42+qs}+HS(I) (21)
9 o ova Y ‘

with n-component spins 8§ and a cutoff A in the momentum integrals. The coupling
parameters are r~ t =(T— T.)/ T, and the $* coupling w. The latter is usually assumed
to be independent of the temperature and the magnetic field in the critical region. H
is the internal magnetic field which couples to the g = 0-component Sgin the 1-direction.
The free energy density is given by

F= —lln J exp #(S) {2.2)
V s

where V is the volume of the system. One may conveniently introduce the shifted spin
variables o} in the usual way [3,6, 7]

Se=M+a} S,=0, (g=0) (2.3)
where M is the magnetization given by the vanishing expectation value (o) =0. The
shift (2.3) leads to the Hamiltonian, which reads in short notation,
H#(o,8.)=—1r0" ~r:|S.[ - wio|S. [~ w0

— |8, |* - us0® — w08, P+ Hol (2.4)
with the coupling parameters

ro=r+12uM?’ re=r+duM?

w, = wy,=4uM
(2.5)
Uy =,=u s =2u

H=H-rM—-4uM,

The idea of the trajectory integral method is to renormalize a system until it is
non-critical. During the renormalization one sums up the regular parts of the free
energy which are produced at each renormalization step {6, 7]. Applying the trajectory
integral method to the Hamiltonian (2.4), one is lead to the free energy

1*
F= % M*+uM*— HM + J. Go(r (D), (D), .. Ye " dl+e " F(I*) (2.6)
[}
where the first terms result from the shift (2.3). The integration term is the integrated
free energy resulting from the renormalization. The integration kernel G,, which
includes longitudinal as well as transverse fluctuations, is given by [6]

G =Xn=1)K,In(re(D+ 1) +L1K, In(r (D) + 1)+ O(u(l)). (2.7
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The last term in (2.6} is the matching term. F(I*) is the free energy of the renormalized
system with the Hamiltonian J¢(/*). The magnetic properties like the magnetization
and the susceptibility are given by their simple scaling relations

M{r, u, HY=e U2 M (r(1%), u(1%), H(I*)) (2.8)
x(ryu, Hy=e®" x(r(I*), u(I*), H(I*)). (2.9)

The matching terms F(1*), M(/*} and x(I*}in (2.6),(2.8), (2.9) depend on the matching
parameter *. According to the general idea of the trajectory integral method, I* has
to be chosen in such a way that the renormalized system $(/*) is non-critical. The
residual free energy, magnetization and susceptibility at I* are calculated by Landau
theory plus fluctuation corrections.

The renormalization of the Hamiltonian 5% (2.4) to calculate the shift and integral
term in the free energy (2.6) can be performed in the usual way [7]. However, it is
simpler not to renormalize the Hamiltonian & given by (2.4) but (o renormalize the
original Hamiltonian # given by (2.1) and then separate the spin mode 5, into a
fluctuating and a non-fluctuating part $5= M (1*) + & in the renormalized Hamiltonian
#(I*). The advantage of this procedure is that one only has to solve the recursion
relations of the $* model (2.1) and not those of the Hamiltonian (2.4). One easily finds
that this interchange of shift and renormalization leads to the following solutions of
the recursion relations:

ru(1¥) = r(1%) + 12u(1%) MP(1¥) Fe(1%) = r(I%) + u(PY M%)

. I* = W, I* =4 * *
w) (I%) = wa(I*) = 4u(I*) M (IF) (2.10)
w (%) = wp(I*) = u(1*) uy (1) = 20(1%)

H(I*) = H(I*) = r(F) M(I*) — 4u(1*) M°(1*)

1.e, the solutions of the recursion relations in the symmetry-broken phase are related
in a simple way to the solutions of the disordered phase. Small deviations of (2.10)
from the solutions given by Nelson and Rudnick [6] stem from cutoff-dependent terms
which can be neglected since they are irrelevant for the critical behaviour. This point
has been discussed in a separate paper [12]. For completeness, I note the solutions of
the recursion relations of the disordered phase [6, 12]

—-A/B
=1t ez'(l +% (e — 1))
(2.11)
_A/B
ulh=u e"(l +%‘(e“~ 1))

where (I} = r(I)+3AA%u(l). A and B are the usual parameters in the recursion relations
of # (2.1) given by A=4(n+2)K, and B =4{n+8)K, [6]. The renormalization of the
Hamiltonian (2.1) and the final shift of §; by M (/*) leads to an equivalent expression
for the free energy (2.6)

"
F= _[ Go(r(D),.. )e " dl+e "
0
r(*) o ®Y AR Y * * —di*
* 5 M)+ u{IFIM(I*)—H(I*)M(I*) | +e F(I*) (2.12)
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with the isotropic integration kernel G (I} =3nK,In{r()-+1). Indeed, Nelson has
obtained the same result for the free energy by a renormalization of the Hamiltonian
(2.4). The first term in (2.12) is equal to the free energy of the system in the disordered
phase. The last two terms are peculiar to the ordered phase.

The most important part of the free energy F (2.12) with respect to coexistence
behaviour is the free energy F(I*) of the partly renormalized system #(I*)

-~ 1 -
F{I*)= —mln J‘ . exp #(a, S§.; I*). (2.13)

Section 3 will be mainly concerned with the calculation of this part of the free
energy. A simple mean field argument shows that the evaluation of E(I*) (2.13) by
Landau theory plus fluctuation corrections fails at the coexistence curve: according to
the original concept of the trajectory integral method the renormalized system is
matched with a non-critical theory at some #* where fluctuations are non-critical. If
one chooses I* in analogy to the symmetric phase such that the longitudinal fluctuations
are non-critical (r (I*}=0(1)), then (2.10) leads to

M%) = (—r(I*)/4u(I*}) (2.14)

on the coexistence curve (H =0) neglecting fluctuation corrections. Inserting this mean
field result for M (I*) into the solution of rr{I*) (2.10}, one realizes that the renormalized
transverse fluctuations are still fully critical at /* near the coexistence curve:

re(1*) = r(I*) + 4u ()M (%) = 0. (2.15)

Thus, one cannot apply Landau theory to the transverse fluctuations in JE(1*). In his
paper Nelson applied the parquet graph summation to #(/*) to sum up the most
divergent Goldstone contributions to the susceptibilities and to the equation of state [7].

3. Renormalization of the Goeldstone modes

The renormalization of the longitudinal modes has been performed in section 2 up to
the matching point I* where the longitudinal modes are non-critical (r (I*Y=0(1)).

ik 1Ll ARLTL 1RIL IS IAUHEAL LS i1 iy

We now proceed to renormalize the critical Goldstone modes contained in f&"(l*) until
they are non-critical at some matching point I To perform the renormalization of the
Goldstone modes in #(I*), it is necessary first to integrate the non-critical longitudinal
modes in the free energy (2.13). To this end #(o, S, ; I*) is split into

H(a, S, 1*)= Fl o)+ Ho(8.)+ (0, 5.) (3.1)
with the Gaussian parts

Foo)=—4r (¥ Ho(8,) = =5 (1|8, (3.2)
and the interaction
H(a,8,) =—w,(I*) |8, P — wy(I*)o™ —u (IS .[* — u(1*) 0

—u, (M8, P+ H(®)e (3.3)

using the short notation, without momentum-dependencies. The Feynman-graph
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expansion of F (I*)(2.13) with respect to the interaction F#(c, S.) leads to

F(*y=— 1* ln“ exp(Fo(S,)) exp({e =50 — 1)) exp(—V(l*)AFa}
V{I*) s,

1 "
VY in LL exp(F(S,)— V(I*)AF,)

A
.
= I

+

AF,. (3.4}
AF, is the part of free energy resulting from the integration of the longitudinal modes
in (o, 8, ; 1*) only. Since they are non-critical, AF, can be calculated by Landau
theory plus leading fluctuation corrections:

A K4[ . wz(l*)ﬁ(l*)l‘ !
AR, == T2 ), R | g
+O(us(I*), wi)) (3.5)

where u,({*)=w(I*)=0(u(l*)) is used, which follows from (2.10), (2.14). The first
two terms in (3.5) are zero-order terms, and the last one is the leading fluctuation term
from graph (a) in figure 1.

(e >
NS

Figure 1. Graphs relevant for the Feynman graph expansion of the free energy F(*} in
equation (3.4). Graph (a) is the first non-ttivial contribution to the integrated free energy
AF,; graphs (b)-(d) contribute to the effective §2 interaction and (e) contributes to the
efiective §% interaction in O(e, u).

The effective Hamiltonian % in (3.4) describes the critical Goldstone modes in the
presence of non-critical longitudinal modes. It is derived in O(u(l*), w2(1*)) from the
graphs (b)-(e) in figure 1. Graphs (b)-(d) contribute to the effective |S,|* vertex and
(e) contributes to the effective |S,|* interaction. One obtains

%(SL -8, P -S| (3.6)
with
wi(1*) A (1*) . _ ow{Mwa(*)
= (%) +2 0 +4u(I*)G(0)—6 ) G.(0) (3.7
and
wil(*)

=u(l*)——2— Gq +q.). (3.8)
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G, is the integral over the longitudinal propagator at I*:

Gu(q) =f . (3.9)

p r(*)+(p+g)

where the integral is performed over the whole momentum sphere 0<|p|<A. The
resulting ¢ effective Hamiltonian depends only on the (n — 1)-dimensional Goldstone
modes. % has the same symmetry as the original n-dimensional Hamiltonian 3¢ (2.1)
before renormalization of the longitudinal modes. However, the coupling parameters
have changed markedly due to the fact that the critical Goldstone modes are coupled
to the non-critical longitudinal modes. This coupling is responsible for the Fisher
renormalization which will become visible below when the new coupling parameters
are expressed in terms of the original parameters of  (2.1). The effective Hamiltonian
# (3.6) of the Goldstone system may now be renormalized in the usual way. The
trajectory integral method may be applied to integrate the free energy F {3.4) of this
(n—1)-dimensional $*-model. The recursion relations for 7 and i that have to be
solved are those of the S$*-model with the spin dimension n — 1. Thus, one obtains the
same solutions {2.11) but for the effective temperature scaling field

F=r+1AA% (3.10)

and the effective coupling parameter & with fi=4(n +1)}K, and é=4(n+7)K4. fis
called effective temperature since it is the relevant scaling field in the Goldstone system.
However, it will be shown below that 7 is not a temperature difference like ¢ but a
distance from the coexistence curve in the M-T phase space. The free energy F of
the Goldstone system is readily obtained as

f T oA -~
ﬁ=[ Go(h e ¥ al+e 4 F(I) (3.11)
4]

where GU i§ the integration kernel of the (n—1}-dimensional Golidstone system.
Obviously ! is chosen in such a way that the renormalized Goldstone system is
non-critical at f, ie. f(H=0(1). Combining the result (3.11) and (3.4) with the free
energy F (2.12) one obtains the complete free energy of the $*-model (2.1) as

o
F:J Goll) ™ dl+e -‘“*[’“ L M)+ u(r) MA(%) H(l*)M(l*)]
0

1

+e I Gollye " di+e ™ AF, +e D E(]), (3.12)
Q

The free energy F (3.12) is easily calculated in terms of the coupling parameters 7, u

and H Aof the Hamiltonian 9 (2.1). To this end the matching conditions r (I*) =0(1)

and 7(!) =0(1) have to be evaluated. However, we focus the attention on the magnetic

properties here, leaving the caloric properties for a separate paper.

The susceptibilities and the equaticn of state follow from the transformation (2.8}
of the magnetization. The magnetization at the matching point M (I*) has to be
calculated from the condition {o5) = 0. The usual procedure to calculate M(I*) would
be a Feynman graph expansion of #(o,S,) [3]. This would lead to the logarithmic
terms like In r{!*) with prefactars of O(&). This calculation would lead to unexponenti-
ated results for the equation of state and for the susceptibilities very similar to the
original Feynman graph expansion by Brezin et al [3]. In this paper 1 make use of
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the fact that I:I(!*) is the source term for op in the Hamiltonian 2’2’(1*) (3.3); thus (o)
can be calculated as a derivative of F({I*) (3.4):

aF(1%) E

=51—:I(I—*)=m(F+AF(,). (3.13)

(o)
As shawn in (3.4), F(I*) consists of two parts: the contribution of the longitudinal
modes AF, only and the free energy F of the effective Goldstone system. The derivative
of AF, follows from (3.5} as
BAF,  H(I*) _ wy(l¥)

B~ ) T e Ot () (3.14)

w;here we have explicitly noted the dependence of G on r (I*}). F (3.11) depends on
H{I*} in a simple way via 7, so that one obtains

wi{(l*)
TL(I*) '

E is the energy [6,12] of the effective Goldstone system, defined as the temperature
derivative of the free energy

aF  aF oF
aH(I*) af aH(I®)

= E(f,a)2 (3.15)

. aF 1 oF
E=—=—<| (8.8, )=—%. 3.16
7 2L( 1 Sa )= (3.16)
Likewise, the specific heat of % (3.6) is defined as
. &*F &F
= e 317
¢ art o’ (3.17)

Combining equations {3.14), (3.15) with {3.13), one is led to the equation of state of
the isotropic $*-model

H{*) = r(IYM(I*) — 4u(IP*)M>(1*)

= 12u(I )M )G (r (1) + 8u(IF )M M E(F, &) (3.18)
where I have inserted the definition of H(!) and wi(I) (2.10). The first term on the
rHS of (3.18) is the fluctuation correction of the longitudinal modes in the Landau
regime r (I*}=0(1). In the case of an Ising system (n=1) this term is the only
contribution to the equation of state [6]. The second term includes all contributions
of the critical Goldstone modes to the equation of state. From (3.18) one can derive
the susceptibilities y, and y; using the transformation (2.9) of the susceptibilities. The
transverse susceptibility y+(/*) at the matching point I* is simply given by
H(i*)
M(I*)
and the longitudinal susceptibility follows by differentiation of the equation of state
(3.18) as

e OH()
X =T

= r(I*)+ 12u(IF)M(I) + 12u(P*)G ((r (%)) +8u(I*)E(F, &)
+64u ()M E(T, i) (3.20)

xr'(7*) = (3.19)



56 H-O Heuer

where again (2.10) is used. I point out that the results (3.18)-(3.20) do not contain
logarithmic divergences from the Goldstone modes. They are exponentiated in the
energy E(t it) and the specific heat C(t #1) of the effective Goldstone modes in a very
natural way.

4. The susceptibilities and the equation of state

In order to extract physical resuits from (3.18)-(3.20) and from the transformation of
f and @ (3.7), (3.8), the matching parameter I* has to be eliminated from the matching
condition. Beforehand, it is sensible to introduce the abbreviations

TL(1%) = 1(P) + 12u(P) M2(1) = r (1F) + O(u (1)) )
T = 1)+ 8P M) = ro (1) +O(u(1%)), '

Both ‘temperatures’ may be interpreted as critical distances in the M -T phase diagram.
TL(I*) =|—2¢(1%)| (see (2.14)) is the renormalized temperature distance, whereas T(I*)
is identified as the distance from the coexistence curve using (2.14). Both quantities
are related to the relevant scalmg fields ¢ (2.11) and f (3.10) respectively: below T,
the relevant scaling field is 7, it vanishes at the coexistence curve. Above T. and for
H=0, t=(T~T,/T. is the only relevant scaling field vanishing at T,. Thus, the
critical point T=T,, H=0 is a bicritical point since t as well as 7 vanish there
independently.

As stated above, the matching parameter !* is fixed by the condition that the
longitudinal fluctuations become non-critical. This is obviously satisfied by T ([*) =1
which is equivalent to r (I*) =1 up to terms of O(u(I*)).

The integral G (3.9) over the longitudinal propagator, which occurs in equations
(3.18)-(3.20), is easily evaluated:

1 K. ,

————— = (A r () [In () = In(r ()Y +AT)]D. 4.2)
J; (rL(’*)+q2) 2 ( L( )[ L( ) ( L )]) (
Since r ({*)=o0(1), this constant fluctuation correction term may be neglected as it is
unimportant compared to the non-analytic terms E(i, @) and C(f, @) in the equation
of state and the susceptibilities (3.18}-(3.20). Thus, one obtains from (3.18), (3.19)

*
xr'(1%) =+ (I*))—TTU*)+8u(l*)E(?,ﬁ) (4.3)
amnmd tha invarce lannaitndinal cricrantilhility, (2 30Y i avaliatad ac
GLIW LIV 11IYL1O0 luusuuulua: BUDULHLIUIIILJ \.) LU} 10 Lyalddivud ao
XOE) = 1+8u (M E(F 6) +64u2(IFYMA(M) C(F, ). (4.4)

Inverting this result, one obtains to leading order in u(/*)
X (1Y =1=8u(P)VE(F, &) - 8u(1*)(1 - To(IM)C(F, &) (4.5)

where (4.1) has been used to eliminate M ([*). It will be shown below that near the
coexistence curve the specific heat term dominates since it has the strongest singularity.
It is interesting that this relation between the longitudinal susceptibility of an isotropic
n-component spin system to the specific heat of a (n —t)-dimensional system has been
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established in the nonlinear o-model too. The equation of state (3.18) may now be
inserted into the transformation (3.7) for 7 to eliminate H (I*):
. ’ PR MATE)
r=rT(l*)+4u(l*)GL+64—L;—)(I—*)Q E(f,q) {4.6)
L

which leads to the effective scaling field 7 (3.10):
T{I*) +64u* ()M (M E(F, &)
= To(I¥) + (1 - To(I*))8u(I*) E (7, #). (4.7)

The effective interaction i is given by (3.8). It depends, in principle, on momentum
4, +q- via the integral over the propagator G{'(r.(*})). However, standard scaling
arguments on irrelevant variables [13, 14] prove that the momentum-dependent part
of this 8% % -interaction is irrelevant in very much the same way as the momentum-

dependent part of the §*-operator is irrelevant in §*-theory. The effective interaction
(3.8) can be written as

W (FFYMA(I%)
r (%)
T.(1*) - T {I*)
T.(*)
T
T(™)

if one uses the definitions {(4.1) as well as the matching condition T,{/*) = 1. Equations
(4.7) and (4.8) show that the effective temperature 7 and the interaction i depend on
the relative magnitude of the distances T, (I*) and T(*) in the M-T phase diagram.
Ordinary isotropic critical behaviour is characterized by T(/*}=-T.(/*)=1. This
case is less interesting since transverse as well as longitudinal modes become nen-critical
at I*. In this limit the interaction i (4.8) is simply u(/*) and the effective temperature
{ (4.7) is equal to T (I*)=1 so that a special renormallzatlon of % as in section 3 is
not necessary. The energy E and the specific heat ¢ then simply reduce to the
corresponding expressions given by Landau theory plus fluctuation corrections.

However, the renormalization of the Goldstone system performed in section 3 is
designed to treat the interesting region near the coexistence curve where the transverse
modes are critical. One can see from (4.8) that the interaction # among the Goldstone
modes depends on the ratio of the ‘transverse temperature’ T7{/*) and the ‘longitudinal
temperature’ T, (I*). Thus, it depends on the position of the system in the M-T plane.
It vanishes at the coexistence curve since T1{1*) goes to zero. This vanishing interaction
is a well known feature of Goldstone behaviour and has been obtained by spin-wave
calculations [1, 2] and in the nonlinear o-model (4, 5]. [t is satisfactory that this feature
naturally appears in this treatment.

Since # vanishes at the coexistence curve it is convenient to make use of the energy
E(f @) and the specific heat C(t i) in tricritical scaling fields, in order to extract the
leading f-singularity relevant near the coexistence curve. The crossover calcuiations
in the disordered phase for the (n—1)-dimensional isotropic system # (3.6) led to

[6,12]):

=u(l*)-8
=u(l*)— u(%) + O(u*(1*))

=u(l*) (4.8)

£ii ) o DE LU = DKy g
’ da, (ae/ @i, da,

FO(E() (4.9)
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with the tricritical crossover function

(1+8)°/"—1

Fo(&) = (ac/al)al

(4.10)

Equations (4.9), (4.10) describe the crossover between the tricritical and the critical
singularities inherent in the $*-model. The first term in (4.9) is the leading regular part
of the energy. The second term is the singular part written in explicit scaling form with
the tricritical temperature scaling field

fi=1(1—jag) ™"/ (4.11)

and the scaling variable
&= fla(1 — fp) */ N (4.12)

¢, and &, are the crossover exponents of the critical and of the tricritical fixed point
of the (n — 1)-dimensional S*-model. Since i, =i/ {#* = 4(n+7) K, it/ ¢ is much smaller
than 1 near the coexistence curve, one may use the simplified expression

(n-1K, ; (n K, -
Y
4o, 4a, ol&)

E(f, &)= (4.13)
instead of (4.9). However, if one is interested in the crossover from Goldstone behaviour
to isotropic critical behaviour, the full expression (4.9) has to be used.

Inserting the energy F into the equation for the effective temperature f {4.7) one
realizes that the singular term '~ with the tricritical exponent of the specific heat

a,=¢&/2 dominates for T;(l*)« 1. This becomes evident when one rewrites (4.7) in
the form

P+ T(IM)8u(P)E(F, &) = To{I*) + Su (1) E(F, ). (4.14)

The terms on the rRHs are of O(#'~™) whereas those on the LHs are of O{f, f*72%),
Near the coexistence-curve { To{/*)« 1, F« 1) (4.14) reduces to the simple relation

To(1F) ~ 1=, (4.15)

This result explicitly shows that the effective temperature f of the Goldstone system
is Fisher renormalized with respect to the ‘temperature’ T7(/*) of the transverse modes
in the original renormalized Hamiltonian (3.1)-(3.3). I point out that the LHs of
equation (4.14) is negligible for f « 1 only, leading to T{/*)~ '~ In order to describe
the crossover to isotropic critical behaviour one has to take all terms into account.

After this discussion of the effective coupling parameters of the Goldstone system
and their relation to the original coupling parameters of the Hamiltonian (3.1}-(3.3),
one may eliminate the I* dependence from the above results in the usual way [6, 7, 12].
The matching condition T, (/*)=1 can be written as

1(I%)+3 ”(” m(I*) = (4.16)

using the abbreviation m =v4u* M and h =+v4u™ H. In order to normalize the equation
of state below in a proper way, it is convenient to introduce normalization factors

f=at m=vbm fi = ch. (4.17)
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Inserting the solutions ¢(J*) and u(I*) (2.10) and the transformation of the magnetiz-
ation m(I*) (2.8) into (4.16), one obtains

1 gicexp(ed®) | 3 m’ exp(2ynl®)

a 77 %, b Z =1 (4.18)
with
Z =1+ gy exp(yzl*) _ (4.19)
where I have used the nonlinear critical scaling fields introduced by Riedel and Wegner
[1s7:
u\ "% u \VE
gic= I(F) g;c=(1 _F) ";" (4.20)
¥1c» V2o are the exponents of these scaling fields, given by
A
y,c=2—-§£ Yie=—¢ Ym=2—¢ (4.21)

and y,,, is the exponent of m”. It has been shown in previous works that the function
L =¢" shows scaling behaviour (6, 12]. I can be written in the form

Ligic, m, o) = m™ " L(§, c,) {4.22)
with the scaling variables

.= gy .m el Im = glcm_lm° Cm = gzcmyk'ly"’ = gzcm%m“- (4.23)
From (4.18) one obtains the equation for the scaling function L, defined in (4.22):

1 &L 3 [P
1l 3Lm 1 (4.24)

with Z=1+¢,L"*. Note that Z=1 for a system at the fixed point u = u*. Equation
(4.24) is a transcendental equation for L(£,, ¢,,) which has to be solved numerically
if one is interested in the complete crossover. An analytical discussion is possible in
the tricritical and critical limit and in some regions of the M- T phase diagram. T.({*)
(4.1) is obtained performing the same calculations as for T, (I*) above:

1 gL 1 L%~
TT(I*)='; —§-':"'-+'- . (4.25)

Combining this result with equation (4.14), one obtains the effective temperature 7 in
terms of the scaling variables £, and c,,:

1 gL 1L w* 4 [1 £LNMe 1 L¥» u* .
:+[ ;.,ﬂ B Z]S—E [ z"“"+b 7 +8——E. (4.26)

The fixed point value u* appears in (4.26) because of the normalization p,= u/u*.
Equation (4.26) is a transcendental equation for f({£.,c,) which must be solved
numerically in general. It describes the dependence of the effective temperature of the
Goldstone system on the er‘almo variables £ and ¢, . The effective ggl_ip[i_ng ;_32 follows

from (4.8) as

¥lo 2y,
n+71[l &L 1L ]

R= 5z ez b 2 (4.27)
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This equation shows that the effective coupling depends on the scaling variables &,
and ¢,, (4.23). Equations (4.9}, (4.10) show that the energy E depends on the crossover
variable #,. This variable has to be calculated from &2, (4.27) and 7 (4.26), if one is
interested in the crossover from coexistence curve behaviour to isotropic critical
behaviour.

Performing the same manipulations as above with equations (4.3) and (4.5), one
obtains the general crossover results for the equation of state and the susceptibilities:

ho_ e ofl &L VLM u
—=— 4T —+8—
L {a z7e Ty 7 B B (4.28)

m® Vb
XT L1 &L 1 LY u® . L }_1

=[2{— +—=—+8— E(i _
L P k) (429)
Xo o, Eik.“"_ E:é(';ﬁ) _ibchm_leym
m‘*acuL {l 8 7 E(t,i)—8 7 7 1 1 70% S . {4.30)

Inthe last equation [ have used the well known relation C=E / {16, 12]. The complexity
of (4.28)-(4.30) together with the transcendental equations for L (4.24) and £ (4.26)
does not make these results very attractive. However, one has to recall that these
equations describe the critical behaviour of a system with arbitrary §*-coupling u in
the whole M-T phase diagram.

5. Caexistence behaviour

In order to discuss the behaviour near the coexistence-curve, it is convenient to restrict
the analysis to the case u = u*. In this case the system (2.1) is at the Heisenberg fixed
point and the crossover with respect to u is eliminated. This is the situation described
in previous papers [3-10] on the subject.

Near the coexistence curve the results (4.24)-(4.30) simplify since only the leading
powers of f are important for 7« 1. Inserting the energy E (4.13) into the equation
for the effective temperature f (4.14), one gets

2O it aaria)
1 1 n+8 n+8 o
T (M=|~ ylc+_LZJ’m]= 5.1
T( ) I:ach b l_n_1?+ lAl_aF( ) ( )
n+8 n+8

For <« 1 the denominator can be ignored and the leading term is the singular term of
the energy. Thus, for £« 1:

9 L n—-1,_ "
T 2
n+8 f n+8 Fo(&) 3-2)

To(1*)= B chyl=+-:; LZY»-] =

up to terms of order 7>~*. This equation explicitly shows that the critical distance
Ty(1*) (4.1) is related to the temperature ¢ of the Goldstone system (3.6) by a Fisher
renormalization. The physical origin for this Fisher renormalization is the coupling of
the critically fluctuating transverse modes to the non-critical longitudinal modes in the
Goldstone regime. The general results (4.28)-(4.30) become very simple now. Inserting
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the energy E (4.13) as well as (5.2) into (4.28), one is led to the equation of state at
the coexistence curve

h c a
—=—L7*f. 5.3
The transverse susceptibility (4.29) is given by
A= (5.4)

and the longitudinal susceptibility (4.30) is evaluated in the same way observing that
the term E /7, i.e. the specific heat C = {~* Fy(&) at the Gaussian fixed point, dominates
for f«1:

XL ~L2|i 9 n—1

1—8_~ +
m % nt8 n+3

i Fo(é)]. (5.5)

This result can be nicely compared with the result of the nonlinear o-model [4, 5]. In
these works it has been shown that the fluctuations of the longitudinal mode y, are
related to the fluctuations of the transverse modes at their trivial fixed point by

XL = J d"x< IRHEID) S?(0)>- (5.6)
i=32

Since the rHs of (5.6) is the specific heat of an (n — 1)-dimensional spin system, equation

(5.5) perfectly agrees with the result of the nonlinear o-model.

The equation of state and the transverse susceptibility near the coexistence curve
have a very simple structure too. They correspond to a system with temperature scaling
field # and vanishing interaction 4. The result that the interaction # vanishes at the
coexistence curve is verified directly from (4.27), inserting the leading singular term
of (5.2) into (4.27);

ﬂ2=n+7[£ﬁ] ‘“tn—l[ h ] % (5.7)

n+8[ ¢ n+8lms

where the equation of state (5.3) has been used to replace f. Equation (5.7) explicitly
shows that the coexistence curve is governed by a trivial Gaussian fixed point where
the S*-interaction 4, vanishes for h->0. Hence, the critical dimension is determined
by the $%-operator to give d.=3 as in tricritical phenomena. Thus, the results concern-
ing coexistence behaviour derived in this work are exact for d = 3 for all spin dimensions
n. This feature compares well with the works on the nonlinear o-model, which arrive
at the same result [4, 5]. A coexistence fixed point of Gaussian character has also been
found by Lawrie in his RG analysis of the §%°-mode] [10]. He also concluded that his
results concerning the coexistence curve should be exact. However, with his renormaliz-
ation scheme he did not discover the mechanism of Fisher renormalization of Goldstone
behaviour by the longitudinal modes.

The above results (5.3}-(5.5) can be cast into the usuzl form by an appropriate
nermalization according to (4.17). The crossover variable & (4.12) which enters the
crossover function F, in the above results is given by

, n+7n-1 [\/ELL_IL]‘"”"_

&= —
n+gn+8l e T om®

(5.8)
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The equation for the scaling function L (4.22) assumes the simpler form
i 3
—_ Fiod = J¥2m =
LEL et =1 (5.9)

since Z = | for u = u*. Thus, the equation of state in the Widom scaling form is obtained
from (5.2) and (5.3) as

h ¢ _,[n+g _ VO N V=)
h_< LV [Pm
F; \/EL [ Fs ] ach' +bL (5.10)

me n—1

where Fp=0(1) is the limit h - 0 of the crossover function Fy(¢,). One may now choose
the normalization (4.17) in such a way that f (£, = —1) =0 and f (£, = 0) = 1. In addition,
I choose L(£.=~1)=1 so that the scaling function L (5.9) is unity on the coexistence

curve!
2 Yy, T n—i Fiifli—a)
=72 b=2 =2 - — . .
a ¢ J‘(3) I_3n+8F°J (5.11)

With these normalizations one obtains

h ' 1/(1—a,)
[ o] -

asthe equation of state near the coexistence curve. Likewise, the transverse susceptibility
follows from (5.4) as

xT 1 k1 [ t ]""““"
=== +1 :
V2 m% 2L mVE (5.13)
and the longitudinal susceptibility follows from (5.5) as
XL 2] 9 ”—1 —Z:x( h )_a‘]
=L + —=L .
m'~% [n+8 n+8 \/_ m® G14)

so0 that one obtains

_____( T
"\

near the coexistence curve. Equation (5.14) may also be expressed as

XL 2 9 n—1 )a‘./(f—ﬂ’l)(l 1 R )n‘/(!—at)}
=L + F, = g LN+ = LPm
m'~% [n+8 (n+8 v 26 2

2 9 n —'l —Zal ( XT ) a‘-'

=L I_n+8+n+8FL (mH;c) J (5.16)
As mentioned above, the results (5.12), (5.13), {5.15) for the functional form of the
equation of state and the susceptibilities near the coexistence curve do not depend on
the spin dimension n and are exactly given by the specific heat exponent a,=3 for
d =3, The functional dependence (5.12) y=(x+1)" of the scaled magnetic field
y=hm~% on the scaled magnetization x=1tm~"® has been conjectured in early rG
works on the $'-model [2,3] and has been confirmed by works on the nonlinear
o-model [4, 5]. Lawrie has confirmed this result within the $*-model in the spherical
limit n—0, Equation {5.12) verifies this result for arbitrary spin dimension n and

—
Un
—
Ln

—
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shows that « = 1/(1 — «,) =2 for d =3 which is in perfect agreement with the nonlinear
o-model. However, for d =3 one may include logarithmic corrections if necessary.
The longitudinal susceptibility (5.14) has the expected form too. The dominating term
near the coexistence curve is the non-analytic one which diverges as H ™ "/* for d =3
(5.15}, in accord with the nonlinear o-model. One may derive from (5.14) a condition
for the observation of Goldstone singularities. The Goldstone term in (5.14) has to be
distinctly larger than the constant term which describes the isotropic critical behaviour

naar T Thig laads tha nAdit
Hvdl Xg. 1115 lbaua I.U I.llG bUlluluuu

h 1(n—1)2={0.006 forn=2

FIY
m® 2 9 0.024 forn=3.

(5.17)

It is obvious that a proper identification of Goldstone singularities is possible only in
a small regime around the coexistence curve. Measurements in this regime are difficult

cincs Anmain affarte harama imnartaomt Thastharmars anicatenns in wanl faeeamacnate
SILIVA WULUGILE LilL WD Uewidiiie LLpUIaliL, LUl lllUlU, AllVLIUP Y 11 1edl lGllUuldslu’tD

and dipolar interactions have to be included in the theoretical description. The method
presented in this paper seems to be well suited to treat these problems.
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